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1. INTRODUCTION AND NOTATION 
Let H be a finite (multiplicative) Moufang loop of odd order. One may 
show (Lemma 1) that each element x of H has a unique square root xxi2 and 
that with respect to the operation 0, given by x o y = ~l/~yxi/~, H forms a 
power-associative loop H(B). This loop satisfies the identical relations 
x 0 (y 0 (x 0 2)) = (x 0 (y 0 x)) 0 z, (x 0 y)-1 = x-1 0 y-l, (1) 
where x-1 denotes the inverse of x under o. In [5], we studied loops of this 
type and verified analogues of some well-known results of Sylow, Lagrange, 
and P. Hall on finite groups. In this paper we use these analogues to prove 
the corresponding results for Moufang loops of odd order. 
We also stated in [5] a group-theoretical conjecture equivalent to the pro- 
position that every finite B-loop is solvable. Recently we proved this con- 
jecture [6]. In Section 6, we therefore show that all finite B-loops and also 
all finite Moufang loops are solvable. Since the class of Moufang loops includes 
the class of groups, the latter result generalizes the theorem of Feit and 
Thompson [q on groups of odd order. However, the results of Section 6 
require the Feit-Thompson theorem. Therefore, we have thought it more 
interesting to place Section 6 at the end of the paper, although its contens 
are idependent of the main results of the preceding sections and could be 
used to shorten some of the proofs. 
Most of our results are not valid for Moufang loops of even order. These 
loops need not be solvable, e.g., the finite simple non-cyclic groups, and the 
finite simple non-associative Moufang loops discovered by Paige [9]. Although 
Moufang loops of odd order possess Sylow subloops, Paige’s loop of order 
120 contains no element of order 5. However, some analogues of our results 
are obtained in the following paper l-71. 
We adopt the following notation. Suppose x is an arbitrary element of an 
arbitrary set S. If o and p are permutations of S, write [x] u or xo for the 
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image of x under 0 and let [x] (up) = [[xl u] ,LL. If T is a subset of S, let 
[T] o be the set {[xl u : x E T}. We say that u fixes an element or subset T 
of S if [T] u = T. In general, we will employ the notation of [2]. We define 
permutations R(x), L(x), T(x), and P(x) by [y] R(x) = yx, [y]L(x) = xy, 
T(x) = L(x)-r R(x), P(x) = R(x) L(x). Note that ly] P(x) = xyx = x2 o y. 
In any Moufang loop G we shall let (x, y, z,...) be the subloop of G 
generated by the elements or sets x, y, a,... . In particular, for G = H this 
means the subloop of H generated under the original (Moufang) operation 
of H, which does not necessarily coincide with the subloop of H generated by 
x9 y, G.. under o. Let MH , the multiplicative group of H, be the group of 
permutations (R(x), L(x) : x E H). Then IH , the group of inner mappings 
of H, is (T(x), R(x) R(y) R(q)-l, L(x) L(y)L(yx)-l : x, y E H). Let K be 
any subloop of H. We let RK = (R(x): XEK), LK = (L(x): x EK), 
TK=(T(x):x~K), P,=(p(x):x~K), 
MK = 0% > LK), and IK=IHnibf,. 
Let P(K) be the set {P(x) : x E K). 
We denote the identity element of H by 1. If x E H we let x0 be 1. For 
x, y, z E H we let (x, y, z) be the associator of x, y, and z, given by 
(x, Y, 4 = (x(Y~Y ((v) 4. F or non-empty subsets A, B, C of H we let 
In any Moufang loop G we let Z(G) be the center of G. 
Throughout this paper we assume H is an arbitrary finite (multiplicative) 
Moufang loop of odd order. We shall refer to [5j as I and to result x of [5] 
as result 1.x. 
2. SOME BAHC PROPERTIES 
LEMMA 1. (a) Let x E H. The order of x divides the order of H. Let x 
have order 2n - 1 and let x1J2 = xn. If y E H, then y2 = x if and only if 
y = $P. 
(b) H(a) is a power-associative loop which satisfies (l), and I is its identity 
element. 
(c) Let x E H. For any integer m, thepowH xm is the same whether computed 
in H or in H(3). In particular, x has the same order under both operations, and 
x1J2 and x-l are the same in H as in H(4). 
(d) Every mmempty subset of H which is closed under o is a subloop of H($). 
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Proof. (a) The order of x divides the order of H because H is diasso- 
ciative ([2], Theorem V.1.2, p. 92). Hence the order of x is odd, say, 2n - 1. 
Certainly (~~/a)~ = Xa” = x2+v = x. Suppose y2 = x. Then 
JJ*‘+~ = x2+l = 1. Since y has odd order, y2+l = 1. Hence 
y = p = (yy = xn = $12. 
(b) This is part of Theorem VII.5.2, p. 121, of [2]. 
(c) The proof of Lemma I.S(ii) also applies here. 
(d) This is Lemma 1.4. 
Let rr be a set of primes. We say that a positive integer n is a n-number 
if every prime divisor of n lies in rr. Let K be a finite power-associative loop; 
then K is a r&op if the order of every element of K is a r-number. If rr = {p}, 
a n-loop is also called ap-loop. We let 1 5’ 1 be the number of elements of an 
arbitrary finite set S. 
THEOREM 1. Let r be a set of primes. Then H is a Aoop if and only if 
1 H 1 is a r-number. 
Proof. By Lemma l(c), H is a rr-loop if and only if H(4) is a r-loop. 
By Corollary 2 of Theorem 1.9, H($) is a Aoop if and only if 1 H 1 is a 
r-number. 
THEOREM 2. Let K be a subloop of H. Then K forms a subloop of H(# 
and I K I diwides 1 H ( . 
Proof. Let x and y be arbitrary elements of K. Since x has finite odd order, 
xl/s is a power of x and therefore lies in K. Hence x o y = x11syx1/2 E K. 
By Lemma l(d), K is a subloop of H(3). By Corollary 4 of Theorem 1.9, 
1 K I divides 1 H I . 
LEMMA 2. (a) The mapping x + P(x) is a one-to-one correspondence 
of H onto P(H). 
(b) Define an operation o’ on P(H) by P(x) o’ P(y) = P(x112) P(y) P(x~/~). 
Then P(x) o’ P(x) = Pi and P(x o y) = P(x) o’ P(y) for all x, y E H. 
(4 If J fi a ~gro~p of MH , the-n J n P(H) is a subloop of P(H) with 
respect to 0’. 
Proof. (a) Suppose P(x) = P(y). Then 
x2 = x1x = [l] P(x) = [l] P(y) = y2. 
Hence y = ($)‘I2 = x. 
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(b) By (a), the operation o’ is well-defined. Let z E H. Then 
[z] P(x) 0’ P(y) = [z] P(xl/2) P(y) P(xli2) = x 0 (y2 0 (x 0 .z)) 
= (x 0 (y2 0 x)) 0 z 
by (1). But x o (y2 o x) = z~~/~yxy&~ = (x1/2yx1/2)2 = (x o Y)~. Hence 
[z] P(x) o’ P(y) = (x o y)” o z = [a] P(x o y). Thus P(x) o’ P(y) = P(x o y). 
In particular, P(x) 0’ P(x) = P(x 0 x) = P(x2) = P(x)“. 
(c) Let P(x), P(y) E J n P(H). Let x have order 2n - 1. Then 
P(x1i2) = P(xn) = P(x>, E J. Hence 
P(X) o’ P(y) = P(xllz) P(y) P(x112) E / n P(H). 
Now we apply (a), (b), and Lemma l(d). 
As usual, we say that a triple (U, V, W) of permutations of H is an auto- 
topism of H if ([xl U) ([y] V) = [xy] W for all x, y E H. An element z lies 
in the nucleus of H if (xy) z = x(yz), (xz) y = x(zy), and z(xy) = (ax) y 
for all x, y E H. The nucleus forms a normal subloop of H ([2], Theorem 
VII. 2.1, p. 114) which we denote by Nut (H). 
LEMMA 3 ([2], pp. 112-114). 1’ x E H, the triples A(x) and B(x) given by 
(P(x), L(x)-l, L(x)) and (R(x)-“, P(x), R(x)) respectiwely, are uutomorphisms of
H. If (1, V, W) is an autotopism of H, then V = W = R(c) for some 
c E Nut (H). Under the multiplication dejked by 
(U, v, W)(u’, V’, w,) = (Uu’, VV’, WW), 
the autotopisms of H form a group. 
LEMMA 4. Let a be an inner mapping of H. 
(a) As a mapping on H(-&), u is an automorphism. 
(b) The elements of H which arefixed by u form a subloop of H(4). 
(c) If x E H, then &P(x) CJ = P(p). 
(d) Let K be any subloop of H. Then IK normalizes P(K), and Pa: is a 
normal subgroup of MK . Moreover, MK = TKPK = IKpK . 
(e) MK = RXPK = LKPK . 
Proof. (a) This follows from [2], Lemma VII.3.2, p. 117, and Theorem 
v11.5.2, p. 121. 
(b) Apply (a) and Lemma l(d). 
(c) Let x, y E H. Then [y] o-lP(x) u = [yO-‘1 P(x) u = (x2 o yp-lp. By 
(a), (x2 0 yol-‘p = (x2)” 0 (y-l)0 = (x?)~ 0 y = [y] P(e). 
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(d) Clearly IK normalizes P(K) by (c). Since 
MK = <R(x),L(x) : x E K) = (R(X2), L(x2) : x E K) 
= (L(X)-l R(X), L(X) R(X) : x E K) = (TK , PK) C (IK , PK), 
we see that MK normalizes PK and that MK = TKPK = IKPK . 
(e) Let x E K. Then R(X) = R(x) 1 and L(X) = R(x-l) P(x). Thus 
MK = (RK , PK) = RKPK . Similarly, MK = (LK , PK) = LKPg . 
We say that a loop K is solvable if there exists a series 
K=K,,>K,>...>K,=l (2) 
with the property that for i = 1,2,..., n, K, is a normal subloop of Ki, and 
K,-,IK, is a commutative group. 
THEOREM 3. Let 7r be a set of primes and let K be a solvable rr-subloop of H. 
Then K(g) is a solvable ~--loop and MK is a solvable ~group. 
Proof. By Theorem 2, K is a subloop of H(3) and 1 K / is a r-number. 
By Lemma I(c), K(3) is a sloop. Now K has a series of the form (2). By 
using the same series, we see that K(i) is solvable. Take o’ as in Lemma 2; 
then P(K) forms a loop under o’ which is isomorphic to K(i). Hence by 
Theorem 1.6, PK is a solvable r-group. 
Let g EL, . We may write g as a product g = L(x,) L(x,) ***L(q) for 
xl , x2 ,..., x, E K. Let h = P(xJ P(x2) a.* P(xr), k =L(x&lL(x,)-l ***L(q)-l, 
and A, = A(q) A(x,) es* A(q) for A(x) as defined in Lemma 3. Then 
A, = (h, k, g). Let m be the order of h. Then 
(A,)” = (h”, k”, g”) = (1, k”, g”). 
By Lemma 3, g” = R(c) for some c E Nut (H). Since each element of Lx 
maps K onto itself, c = [I] R(c) E K. Let n be the order of c. Then 
R(c)“=R(~~)=R(l)=l.Thusg~~=l.Sinceh~P~andc~K,mandn 
are p-numbers. Hence the order of g is a n-number. Thus LK is a r-group. 
Let d be the derived length of PK and let I= K n Nut (H). By considering 
commutators of the group (A(x) : x E K) and using the method of the above 
paragraph, we see that (LK)@) C (R(c) : c E J). But it is easy to see that 
if x,y E J, then xy E J and R(x) R(y) = R(q). Hence (LK)td) is isomorphic 
to a subgroup of J. Since J C K, J is solvable. Thus (LK)cd), and hence 
LK, are solvable. 
Thus bothLK and Px are solvable rr-groups. By Lemma 4, MK is a solvable 
r-group. 
THEOREM 4. If 1 H 1 is a power of a prime, then H is centrally nilpotent. 
398 GLAUBERMAN 
Proof. Suppose / H 1 is a power of a prime p. By Theorem 1.7, H(i) is 
centrally nilpotent. By Theorem I.6 and Lemma 2, PR is a p-group. As in 
the second paragraph of the proof of Theorem 3, we see that LH is a p-group. 
By Lemma 4(e), MH = LHPH , which is a p-group. Therefore, H is centrally 
nilpotent ([2], Lemma VI.2.2, p. 98). 
COROLLARY. Every Jinite commutative Moufang loop (of even OY odd order) 
is a direct product of an Abelian group of order relatively-prime to 3 and a 
commutative, centrally nilpotent 34oop. 
Remurk 1. This result is a special case of a theorem of R. H. Bruck ([2], 
pp. 130-131) that every finitely-generated commutative Moufang loop is 
centrally nilpotent. The author thanks Professor Bruck for suggesting the 
following proof, which replaces a more complicated one by the author. 
Proof. Let K be a finite commutative Moufang loop. Let A be the set 
of all elements of K having order relatively prime to 3. If x, y E A, then x and 
y generate a commutative group. Hence x-l, xy E A. Thus A is a subloop of 
K. Since inner mappings of K preserve orders of elements. A is a normal 
subloop of K. Similarly, those elements of K whose orders are (nonnegative) 
powers of 3 form a normal subloop B of K. Now A n B = 1. Since every 
element of K is a product of an element of A and an element of B, K = AB. 
So, K = A x B. 
Let x E A. By Lemma VII.3.3, p. 117, of [2], every inner mapping of K 
is an automorphism. Since the inner mapping y -+ x-ryx, y E K, has com- 
panion x-~, we have x-s E Nut (K). But the order of x is relatively prime to 3. 
Hence x E Nut (K). Thus A C Nut (K), and A is a commutative group. 
Since the nonidentity elements of B can be partitioned into disjoint pairs 
of the form {x, x-l}, 1 B ] is odd. Therefore, our previous results apply to B. 
Since B is a 3-loop, 1 B 1 is a power of 3, by Theorem 1. By Theorem 4, 
B is centrally nilpotent. 
THEOREM 5. The following conditions are equivalent : 
(a) H is centrally nilpotent; 
(b) for every prime p, those elements whose orders are (nonnegative) powers 
of p form a subloop of H; 
(c) H is a direct product of p-loops for some primes p. 
Proof. Assume (a). Let x, y E H. Then x and y generate a finite nilpotent 
group K. Now, K is a direct product of its Sylow subgroups. Therefore, if 
x and y lie in a Sylow subgroup of K, so do x-l and xy. Therefore, H satis- 
lies (b). 
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Assume (b). We will prove (c). For every prime p, let H, be the subloop 
of H consisting of those elements whose orders are powers of p; since inner 
mappings preserve orders of elements, HP is a normal subloop of H. Let 
rr be the set of primes p for which H, # 1. 
We prove by induction that if p, ,..., p,, are distinct primes in rr, then 
H% --- HP, = HP, x ... x HP,. This is obvious for rz = 1. Suppose it 
holds for n = K. Take n = k + 1. Let K = Hv, -*- H9, . Then 
K = HP, x **. x HP,. Therefore, K has no nonidentity elements whose 
order is a power of p,,, . Thus K and H,,,, are normal subloops of KH,l+l 
that intersect in the identity loop. Hence KH,k+l = K x H,,,, . So, by 
induction hypothesis, 
H% *** ff&,,+, = KH,,+, = K x HP,+1 = Hm x .a. x H9, x HDL,l . 
If ] H ] = 1, then (c) holds trivially. If ] H 1 > 1, letp, ,..., p, be the distinct 
primes in 7~. Then H = H9, **- H9. = HD, x **- x HD, . Thus H satisfies (c). 
Assume (c). By Theorem 4, H is centrally nilpotent. This completes the 
proof of Theorem 5. 
3. AUTOMORPHISMS OF Ma 
Certain automorphisms of M, are useful for discovering the structure of 
of H. Let a be the inverse mapping of H, i.e., let a be the permutation of H 
given by [x] a = x-l, x E H. If x,y E H, then 
[rl a-lR(x) a = [y] aR(x) a = [r-l] R(x) a = x-9 = [y]L(x-l). 
Hence, a-‘R(x) a = L(x-l). Similarly, a-IL(x) a = Q-l). Thus a normalizes 
MH . We let (Y be the automorphism of ME defined by g” = a-lga. 
LEMMA 5 ([2], Lemma IV.1.2, p. 61). Let g EM,. Then g E IR if and 
only if [l]g = 1. 
Remark 2. One may observe in the following that parts (a) and (b) of 
Lemma 6 and all of Theorem 6 except part (c) hold for arbitrary Moufang 
loops; H need not have finite odd order. 
LEMMA 6. (a) If x E H, then R(xp =L(x)-I, L(xp = R(x)-l, and 
P(x)” = P(x)-‘. 
(b) Ifa~l~,thtwn=eo. 
(c) Let g E MB. There exist unique elements t E IH and x E H such that 
g = tP(jc). For these elements, [l] g = XB mrd g-lg” = P(X)-“. 
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(d) Let J be a subgroup of MH that is$xed by LY. Every element g of J has a 
unique representation of the form tP(x) such that t E J n IH , x E Hand P(x) E J. 
Moreover, ) JI=I JnII,/i JnP(H)j. 
Proof. (a) This follows from easy computations. 
(b) Let u E IH and x E H. By Lemma 4(a), 
[x] CT~ = [x] aua = [x-l] w = [(fl)-l] a = fl = [x] u. 
(4 Let x = (Ul d 1/2 and let t = gP(x)-l. Then 
[I] t = [l] gP(x)-’ = [x2] P(x)-’ = x-1x2x-l = 1. 
By Lemma 5, teI,. Now g-lg” = P(x)-’ t-+P(xp = P(x)-“. Suppose 
g = u(P(y), u E IH , y E H. Then, similarly, P(x)-” = g-lg” = P(Y)-~; 
P(x2) = P(y2); x2 =y2; x = y. Hence u = gP(y)-l = gP(x)-1 = t. 
(d) Let g = tP(x), t E IH, x E H. Since 01 fixes J, P(x)-” = g-if E J. 
So P(x)” E J. Since x has odd order, x is a power of x2, and by Lemma 2, 
P(X) is a power of P(x)“. Therefore P(x) E J, and t = gP(x)-1 E J. The last 
equality is now obvious. 
THEOREM 6. Suppose Nut (H) = 1. 
(a) There eGsts a unique automorphism p of MH such that P(x)” = L(x)-l, 
R(x)p = P(x)-l, and L(x)p = R(x) for all x E H. 
Take p as in (a). 
(b) If P(x)” = P(x), then x3 = 1 andL(x) = R(x). 
(c) Also, &p, = p2, and p has order 3 if H # 1, 
(4 If W v, W> is an autotopism of H and U E MH , then V = Up and 
w = uap. 
(e) If U E MH , then (U, Up, Uap) is an autotopism of H. 
(f) Suppose U E IH . Then Up = U if and only if U is an automorphism 
of H. 
Remark 3. By [2], p. 94, the elements x of H that satisfy L(x) = R(x) 
form a commutative subloop H,, of H. For such X, T(x) = 1, so by Lemma 
VII.2,2, p. 113, of [2], x8 E Nut (H) = 1. Thus HO is the set of elements x 
described in (b). 
Proof. By Lemma 3, the autotopisms of H form a group. Suppose 
A = (U, V, W) and B = (U, V’, W’) are autotopisms of H with the same 
first member. Then A-lB = (1, V-lV’, W-lw’). By Lemma 3, 
V-IV’ = W-IW’ = R(c) for some c E Nut (H). Since Nut (H) = 1, we have 
R(c) = 1 and V = V’, W = W’, and A = B. Thus V and W are uniquely 
determined by U. If U E MH we let V = UP. By Lemma 3, for every x E H, 
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A(x) = (P(x), ,5(x)-l, L(x)) and B(x) = (R(x)-l, P(x), R(x)) are autotopisms 
of H. By Lemma 4(e), MK = RKPK = (R(x), P(x) : x E H). Since the auto- 
topisms of H form a group, every element of MK occurs as the first member, 
U, of some autotopism of H. Hence p is defined on M, . Clearly, p is a homo- 
morphism of M, into itself. 
Let x E H. By considering A(x) and B(x) we see that P(x)” = L(x)-l and 
R(x)p = P(x)-‘. Hence L(x)p = (R(x)-l P(x))” = P(x) L(x)-l = R(x). We see 
now that p3 = 1. Hence p has an inverse, namely, p2. Thus p is an automor- 
phism of MH . If u is an automorphism of Mu and P(x>” = L(x)-l = P(x)” 
and R(xp = P(x)-’ = R(x)P f or all x E H, then u = p because 
MK = (R(x), P(x) : x E H). This proves (a). 
By (a) and Lemma 6(a), &por = p2. Let x E H. If P(x)” = P(x), then 
L(x)-1 = P(x), x3 = [l]L(x) P(x) = 1, 
and 
R(x) = L(x)-l P(x) = L(x)-~ = L(x-~) = L(x). 
If this holds for all x E H, then H is commutative and hence centrally- 
nilpotent by the corollary to Theorem 4; since Z(H) C Nut (H) = 1, 
H = 1. Thus (b) and (c) are proved. 
Let x E H. Recall that 
A(x) = (P(x), W-l, L(x)) and B(x) = (&4-l, P(x), R(x)). 
Now P(x>“p = L(x) and (R(x)-l)olp = R(x). From the first paragraph we now 
have (d) and (e). 
Suppose U E IH . Then Uor = U. If Up = U, then (U, Up, VP) = (U, U, U) 
is an autotopism of H. Thus for all x, y, I E H, ([xl U) (b] U) = [xy] U. 
Conversely, if U is an automorphism of H then (U, U, U) is an autotopism 
of H and U = Up = VP from (d). Thus (f) holds and the proof is complete. 
LEMMA 7. (a) Let J be a subgroup of MH and let K = {x E H : P(x) E J): 
Then K is a subloop of H(g). 
Let J1 be a normal subgroup of J and let K1 = {x E H : P(x) E J1>. Then 
K1 is a normal subloop of K under o. 
(b) Let K be a subloop of H(4). Then K is a subloop of H zf and only zf 
x-lKx = K for every x E K. 
(c) Suppose Nut (H) = 1. Take p as in Theorem 6. Let J be a subgroup of 
MH fixed by (Y and p. Let K = {x E H : P(x) E J). Then K is a subloop of H. 
Let Jl be a normal subgroup of J Jixed by OL and p, and let 
K1 = {x E H : P(x) E Jl}. Then K1 is a normal subloop of K. 
Proof. (a) K is a subloop of H by Lemma 2. Consider P(K) with 
respect to o’ as defined in Lemma 2. The natural mapping of J onto J/J1 
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takes P(K) homomorphically onto a loop embedded in J/Jr . The kernel of 
this mapping is Jr n P(K), which equals I’(&). Hence P(K,) is a normal 
subloop of P(K). By Lemma 2, K1 is a normal subloop of K under o. 
(b) Clearly, X-1Kx = K f or all x E K if K is a subloop of H. Conversely, 
assume all these equalities hold. Suppose X, y E K and x has order 2n - 1. 
Let u = (xlt2)-l. Then u E K and x-l E K, so K contains 
U-l(x o y) u = ~-~u--lyu-iu = ~-~y = q. Since H is di-associative, K is a 
subloop of H. 
(c) By (a), K is a subloop of H(h). Let x, y E K. ThenL(x)-l = P(x)0 E J 
and R(x) = L(x)-l P(x) E J. Hence T(x) = L(x)-’ R(x) E J. Let u = T(x). 
Then J contains u-lF’(y) o. By Lemma 4(c), u-lP(y) u = P(y) = P(x-lyx). 
Hence K I x-lKx. Likewise, K 2 &x-l I x(x-lKx) x-l = K. Thus 
K = x-lKx. Since x is arbitrary, K is a subloop of H by (b). 
We see similarly that KI is a subloop of K. As in the above paragraph, 
we have Ix C M, C J. Now IK normalizes Ji . Hence by Lemma 4(d), IK 
normalizes P(H) n J = P(K,). By Lemma 4(c), IK fixes KI . Thus every 
inner mapping of K fixes KI , so KI is a normal subloop of K. 
4. SOLVABLE NORMAL SUBLOOPS 
THEOREM 7. Let M be a minimal normal subloop of H. Suppose M is 
solvable. Then M is an elementary Abelian group and (M, M, H) = 1. 
Proof. We use induction on 1 H 1 . This is vacuously true if H = 1, so 
assume (HI > 1. 
Since M is solvable, M has a proper normal subloop MI such that M/M, 
is a commutative group. Let p be a prime which divides 1 M/M, 1 . Let 
M2 = (x* : x E M). Clearly M,M,/M, f M/M,, so M2 is a proper subloop 
of M. Now let M, be the subloop of M(Q) generated with respect to o by 
the elements x9, x E M. Every automorphism of M(i) fixes M, . In particular, 
by Lemmas 4(a) and 7(b), M3 is a normal subloop of H. Since M is minimal 
and M, C M2# M, M3 = 1. Thus xp = 1 for all x EM. By Theorem 1, 
1 M 1 isapowerofp. 
Suppose H contains a nonidentity normal subloop N that does not contain 
M. Since M r\ N is normal in H but proper in M, M n N = 1. If N1 is a 
normal subloop of H and N C Nr C NM, then N1 = N(N, n M) and N1 n M 
is normal in H, thus Nr n M is 1 or M. Hence MN/N is a minimal normal 
subloop of H/N. By induction hypothesis, MN/N is an elementary 
Abelian group and (MN/N, MN/N, H/N) = 1 = N/N. Consequently, 
(M, M, H) c (MN, MN, H) C N. Also ME MN/N, which is an elementary 
Abelian group. Since M is a normal subloop of H, (M, M, H) C M; so 
(M,M,H)CMnN=l. 
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Thus we may assume that every nonidentity normal subloop of H 
contains M. Suppose Nut (H) f 1. By Theorem VII.2.1, p. 114, and 
Lemma VII.3.2, p. 117, of [2], Nut (H) is a normal subloop of H, and IH 
induces a group of automorphisms of Nut (H). Thus Nut (H) I M and IH 
induces a group of automorphisms of M, which is a group. Trivially, 
(M, M, H) = 1. Since 1 M 1 is a power of p, Z(M) f 1. Now IH fixes Z(M); 
since M is a minimal normal subloop of H, M = Z(M) and M is an element- 
ary Abelian p-group. 
Now we assume Nut (H) = 1. Let M* = (g-lPMg : g E P(H)}. By 
Theorem 3, PM is a p-group. By Theorem 1.3, M* is a normal subgroup of 
PR , and g-‘PMg is a normal subgroup of M* for each g E P(H). As a product 
of normal p-subgroups, M* is a p-group. Since IR fixes M, by Lemma 4(c) 
IH normalizes P(M) and therefore PM. Hence by Lemma 4(d), Iar 
normalizes M*. By Lemma 6, 01 fixes PM, Pn , and therefore M*. Let 
J = {X E Z(M*) : xp = I}. Then J is a nonidentity characteristic subgroup 
of M*. Hence J is a normal subgroup of PH which is fixed by 01 and normalized 
by&. 
Assume J n P(H) = 1. Since 01 fixes J, by Lemma 6(d), J C I=. Suppose 
t E J and x E H. Let y = xlla. Then P(y) tP(y)-l E J C IR. Hence 
1 = [1] P(y) tP(y)-‘, and x = yB = [l] P(y) = [l] P(y) t = [x] t. Thus 
t = 1. So J = 1, contrary to the above. 
Hence J n P(H) # 1. Let K = {x E H : P(x) E J}. Since IH normalizes J, 
by Lemma 7(b) K is a normal subloop of H. Hence K 3 M. Let X, y E M. 
Recall that J is Abelian. Then P(x) P(y) = P(y) P(x). Since Nut (H) = 1, 
we may apply p to this equation. By Theorem 6, we obtain 
L(X)-l L(y)-l = L(y)-l L(X)-l. Thus L(y) L(X) = L(X) L(y). So 
xy = [1lww = [~lww =w- 
Hence M is commutative. Since J is commutative, this yields 
P(x) P(y) = P(x)‘/” P(y) P(x)l/s = P(x 0 y) = P(x”“rx’I8) = P(xy). 
Applying p again, we have L(y) L(X) = L(v). For any z E H, x(yz) = (xy) z. 
So (M, M, H) = 1. In particular, (M, M, M) = 1. Therefore M is a com- 
mutative group. 
LEMMA 8. Let p be a prime. Let A be a Jinite operator group on a nontri&zl 
finite elementary p-group G. Suppose that p does not divide 1 A 1 . Then there 
etit subgroups Gl ,..., G,,ofGsuchthatG=G, x *** x G,,and,foreachi, 
Gd is a subgroup of G which is mirzimul with respect o being jxed by A. 
Proof. We consider G as a vector space over the field of p elements. 
Then this is a special case of Maschke’s theorem. ([8], Theorem 16.3.2, 
p. 255). 
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LEMMA 9 ([I], p. 71). Let E be a nonempty subset of H, and let K be an 
associative subloop of H such that (E, E, H) = (K, K, E) = 1. Then E and K 
generate an associative subloop of H. 
LEMMA 10. Let E be a normal subloop of H, and let K be a subloop of H 
such that H = KE. Then H = K o E, i.e., for each h E H there exist k E K 
,andjEEsuchthath=koj. 
Proof. Take k E K andj’ E E such that kj’ =z h. In H(i) taken modulo E, 
.k=k,sok-loh-l.Letj=k-loh.Thenj~Eand 
h=ko(k-loh)=koj. 
LEMMA 11. Let A be a subgroup of the center of a group G. If G/A is 
cyclic, then G is commutative. 
Proof. Let x E G such that (x, A) = G. Let g, , g, E G. There exist 
aI , a2 E A and integers i, j such that g, = xial , g, = xjaz . Then 
gg, = xiqxia, = xzxJaIa2 = xJxaaIa2 = x3a,xia, =gdI. 
THEOREM 8. Let K be an associative subloop of H. Let p be a prime. Then p 
divides 1 MK / if and only ifp divides 1 K 1 . 
Remark 4. By using the Feit-Thompson theorem, one may obtain this 
result from Theorem 3. 
Proof. Since the elements of MK permute the elements of K transitively, 
1 K 1 divides ] MX ) ([8], p. 56). Thus if p divides 1 K 1 , then p divides 
I MK I . 
Suppose p does not divide 1 K 1 . Now PK _C MK . Let 
N={gEMK:[x]g=xforallxEK). 
Since Mx fixes K, N is a normal subgroup of MK. Now 
MK = (R(x), L(x) : x E K). Hence M,/N is generated by the right and left 
translations of K, and 1 MK/N 1 = 1 K 1 s, where s is the order of the inner 
automorphism group of K, i.e., s = ] K/Z(K) I . Thus p does not divide 
I MK/N / . Hence p does not divide 1 PK/PK n N I . Let Q be a Sylow p-sub- 
group of PK; then Q C Px n N. 
Let UEQ and let XEK. Since OEN, [l]u=l. By Lemma 5, ~7~1,. 
Likewise, [x] Q = x. By Lemma 4(c), a-lP(x) a = P(e) = P(x). Since x is 
arbitrary, a E Z(P,). Thus Q C Z(P,). So Q is in the center of its normalizer 
in PK. By a theorem of Burnside ([8], Theorem 14.3.1, p. 203), PK has a 
normal subgroup R of index ] Q 1 in PK. Let x E K. Then P(x) has order 
prime to 1 Q ( . Hence P(x) = 1, module R; P(x) E R. So PR _C R and Q = 1. 
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Thus p does not divide ] PK ] . As in the proof of Theorem 3, we see that p 
does not divide ( LK 1 . By Lemma 4(e), p does not divide 1 MK I . 
THEOREM 9. Let E and K be subloops of H such that (E, E, H) = 1 and 
IK normalizes E. Then KE is a subloop of H and E is a normal subloop of KE. 
Proof. To show that KE is a subloop of H it suffices to show that KE 
is closed with respect to multiplication. Let u, v E K and a, b E E. Let 
w = vu-r. Then ua = ([a] T(u-l)) u E EK. Thus for suitable elements 
01 ,a-., u5 of Ix we have 
(ua) (vb) = (ua) (b%) = (ua) ((b”“w) u) = u(a(bQw)) u = u((aF) w) u 
= u(((ab”*) w) u) = u((abua)“8 v) = u(v(abua)“) = (UV) (abua)“6. 
Thus KE is a loop and (uE) (vE) = (UV) E. It is now easy to see that the 
mapping x + xE is a homomorphism of KE with kernel E. Hence E is a 
normal subloop of KE. 
THEOREM 10. Let E be a normal subloop of H. Suppose that: 
(a) E is a solvable loop: 
(b) I E I and I WE I are relatively prime; and 
(c) (E,E,H)=l. 
Then E C Nut (H). 
Remark 5. By (c), E is associative. Hence (a) follows from (c) and the 
Feit-Thompson theorem. 
Proof. Assume the theorem is false. Let H be a counterexample of 
minimal order. By Theorem VII.2.1, p. 114, of [2], there exist x1 , yi E H 
and z, E E such that (xi, yi , zr) # 1. Let H1 = (x1, yi , x1). Then 
HJH, n E g H,E/E C H/E. By Theorem 2, I HJH, n E 1 divides 1 H/E I 
and I H1 n E I divides I E I . Hence H1 satisfies the hypothesis. Since 
(xl,y,,~l)fL H,=H. 
Let K1 = <x1 ,yr). Then H = (K1, E) = K,E. Thus KJK, n E z H/E. 
In particular, I KJK, n E I is relatively prime to I K1 n E I . Since K1 is a 
group, Theorem 15.2.2, p. 244 of [S] asserts that K1 contains a subgroup K 
such that K1 = K(K, n E) and K n E = 1. Then 
H=(K,,E)=(K,K,nE,E)=(K,E)=KE 
and IKI=IK/KnEI=IKE/EI=)H/E). Since K is a group, by 
Theorem 8 I MK I is relatively prime to I E I . 
If (K, K, E) = 1, then by Lemma 9 H = (K, E) is associative, contrary to 
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hypothesis. Let X, y E K and z E E such that (x, y, z) f 1. Let 
cr = L(y) L(X) L(v)-l. Let Ei be a minimal normal subloop of H contained 
in E. By Theorem 7, Ei is an elementary Abelian p-group for some prime p. 
Suppose El # E. Then (K, El) = KE, f H. By induction hypothesis, cr 
centralizes El and E/E, . Let Y = w o z. Since u centralizes E/E, , w E- El . 
By Lemma 4(a), 24’ = (z”)” = ( wo2)“=w=oaa=wo(wo2)=w~o2. 
By induction we find that 2pP = wp o z = 1 o z = z. So UP fixes z. Since the 
order of MK is prime to p, u fixes x, contrary to hypothesis. So El = E. 
Thus E is an elementary Abelian p-group. Suppose x, y E E and 7 F 1~ . 
Let u = x1i2. By Lemma 4(a), (~)7 = (Gy>r = (uy~)’ = u7y7u7 = (r@yr = 
(~s)~ yT = xTyT. So Ix induces a group of automorphisms on E. By Lemma 8, 
there exist subgroups El ,..., E,ofEsuchthatE=E1 x **a x E,,andeach 
Ei is minimal with respect to being fixed by IX . Take u as in the above 
paragraph. There exists i such that u does not centralize Ei . By Theorem 9, 
KE, is a loop. Clearly Ei and KE, satisfy the hypothesis of the theorem. Since 
a is nontrivial on Ei , KE, = H and E = Ei . Thus E is a minimal normal 
subloop of H. As in the third paragraph of the proof of Theorem 7, we see 
by induction hypothesis that every nontrivial normal subloop of H contains E. 
Hence Nut (H) = 1. 
Now let L be any proper subgroup of K. Then (L, E) = LE, and LE 
is a proper subloop of H. By induction hypothesis, E C Nut (LE). Hence, 
by Lemma 9, LE is associative. Let x, y EL. Let (T = R(x) R(y) R(q)-“. 
Then u fixes every element of LE. Likewise, u fixes every element of K. 
By Lemma 4(b) the elements of H fixed by u form a subloop of H. By Lemma 
10, this subloop is H. Thus a = 1. But 0 has companion x-ly-?q ([2], 
Lemma VII. 2.2, p. 113), so x-ly-lxy E Nut (H) = 1. Hence xy = yx. 
Since x and y are arbitrary, L is commutative; that is, every proper subgroup 
of K is commutative. 
Let Jl be any associative subloop of H such that JIE = H. As we saw 
for Kl above, J1 contains a subgroup J such that JE = H, J n E = 1, 
and IJ fixes no proper subgroup of E except 1. But IJ fixes Jl n E. 
IfJ,nE=Ethen J,=H.Hence J,nE=l. 
Suppose K is commutative. From the above, K = (x, y) for some x 
and some y. Let x E E and let J = (x, y o z). Then J is associative and 
H = <x, y, E) = (x, y o z, E) = (J, E) = JE. By the above paragraph, 
J n E = 1. Hence Jg H/E z K, and J is commutative. So T(x) fixes 
y o z. By Lemma 4(b), the elements of H fixed by Q form a subloop of H(t). 
Since T(x) fixes y, T(x) fixes y-l o 0, o a) = z. Thus Z’(X) fixes every element 
of K and of E. By Lemma 10, T(x) = 1. Now suppose I E E and z # 1. 
Since x and 2 commute and have relatively prime orders, x and 2 are both 
powers of x2. Let Jl = (x2, y). Then 
J$ = <Jl , W = (~2, y, E> = <x, Y, E) = H, 
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and I1 is associative. By the above paragraph, Jr n E = 1. But z E (xx) _C jr , 
a contradiction. Thus K is not commutative. 
Let 2 = Z(K). Since K is not commutative, Z is a proper subgroup of K. 
Hence (Z, E) = ZE is a proper subloop of H. By induction hypothesis, 
E C Nut (ZE). By Lemma 9, ZE is associative. Let x E Z, y E E, and let 
u = R(x) R(y) R(g)-l. Then u fixes every element of E. Let w E K. By 
Lemma 11, (Z, w) is a proper subgroup of K. Hence (Z, w, E) is a proper 
subloop of H. As with ZE above, u fixes w. So 0 fixes every element of K 
and of E. By Lemmas 4(b) and 10, u = 1. But (J has companion ~-~y-%y. 
Hence X-ly-%y E Nut (H) = 1, and xy = yx. So Z centralizes E. Since Z 
is commutative, it is contained in the center of ZE. It is easy to see that Z 
consists of all the elements of ZE which have order prime to p. Since ZE 
is a normal subloop of H, IR fixes Z by Lemma 4(a). We saw above that every 
nontrivial normal subloop of H contains E; hence Z = 1. 
Let L be any nontrivial Sylow subgroup of K. Since Z(L) + 1, L # K. 
Hence L is commutative, (L, E) = LE, and LE is a group. Suppose L 
is not cyclic. Let L, be an elementary subgroup of L of order p2. Now, every 
nonidentity element of L, is contained in a unique subgroup of order p. 
By a result of Wielandt ((3.3), p. 149, of [lo]), some nonidentity element u 
of L, centralizes some nonidentity element ‘u of E. Since Z(K) = 1, we may 
take w E K such that (u, w> is non-Abelian. Hence (u, w) = K. Now let 
J = (uv, w). Then JE = (J, E) = ( uv, w, E) = (u, w, E) = KE = H. 
By one of the above paragraphs, J n E = 1. But v E (uv), because uv = vu 
and u and v have relatively prime orders. So v E J n E. This contradiction 
shows that every Sylow subgroup of L is cyclic. 
Let 4 be the largest prime divisor of 1 K 1 , and let Q be a Sylow q-subgroup 
of K. Since every Sylow subgroup of K is cyclic, Q is a normal subgroup of K 
by a well-known theorem ([3], p. 163-164). Let Qr be the unique subgroup 
of order Q in Q. Then Qr is a characteristic subgroup of Q and hence a normal 
subgroup of K. Since Z(K) = 1 there exists zr E K such that a, does not 
centralize Q. Since (xi , Q) is non-Abelian, (zr , QJ = K. Let z be some 
power of z, that has prime order, say, Y. If z centralizes Q1 , then 
.z E Z(+, , Q&l = Z(K) = 1, a contradiction. So x does not centralize Qr . 
Hence K = (z, Qr), Y # 4, Qr = Q, and 1 K 1 = qr. Let R = (z). 
Let us consider the inner mapping T(z). By the above, Y divides q - 1 and 
there exists an integer i such that i + 1, modulo q, and z-iyx = yi for all 
y E Q. Also (R, E) = RE is a proper subloop of H. Hence by induction 
hypothesis and Lemma 9, RE is associative. Thus T(z) induces an auto- 
morphism on E. Let us take any y E QE such that y 4 E. Let J = (x, y). 
Clearly (y, E) = QE and so JE = <J, E) = (z, QE) = H. By an above 
paragraph, J n E = 1. Hence Jg J/J n E z JE/E = H/E. Thus 
+y2 = y’. 
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Now let y be an arbitrary nonidentity element of Q. As QE is a group, 
T(y) induces an automorphism on E. Let El be a subgroup of E that is 
minimal with respect to being fixed by T(y). By the methods used above, we 
see that no element of E is fixed by T(y) or T(x) except the identity element. 
Let y be the automorphism of El induced by T(y). Then y # 1. By Schur’s 
lemma ([8], Theorem 16.6.2, p. 269), the subring F of the ring of endo- 
morphisms of El generated by y is a field. Note that (Q, El> = QE1 . 
Let x E El . Then yxy EQE~ , but yxy $ El. By the above, 
(Yxy)i = (YxyP’ = Y T(ZL$wyT(S) = y”xT’“‘yi* 
Thus xTcz) = y-“(yx~)~ y-i E E n QEl = El; therefore, T(z) induces an 
automorphism /3 on El . Now 
yixf9yi = y2zy-ix~yi = y2ix&ie 
An easy induction argument shows that 
(yxy)i = (yQY>i = y2y4v~~-* (xY)Y2i--4 . . . (fly (XY). 
Hence 
p = y-iy(y2i-2 + y2i-4 + . . . + y2 + 1). 




(1 + y2) (y2”-2 + -*- + y2 + 1) = /3(1 + y2’). 
Since y has odd order, y4 # 1, so y2 f - 1. Therefore, 1 + y2 is invertible, 
and y21-a + ..* + y2 + 1 = /I(1 + 4”) (1 + $)-I. By the above paragraph, 
/3( 1 + y2*)( 1 + y2)-l = &t-l. Since p is invertible, (I + y2*)( 1 + y2)-l = #-l, 
and 
y-i(l + y2i) = (1 + y) y-l = yi + y-” = y + y-l. 
Let yr = y + y-l. If t EF and t + t-l = yr , then P - y,t + 1 = 0. Since 
F is a field, there are at most two solutions for t in the equation. But y, y-l, 
yi, and y-i are solutions. Since y has odd order, y f y-l. By assumption, 
yi # y, so yi # y. Hence 
yi = y-l, yi = y-l, 3y4yx2 = yt* = (yi)-1 z.z (y-l)-' = y. 
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So x2 centralizes y. Since x has odd order, x centralizes y, contrary to the 
above. This contradiction completes the proof of the theorem. 
COROLLARY. Let E be a minimal normal subloop of H. Suppose 1 E 1 and 
1 H/E 1 are relatively prime and E is solvable. Then E C Nut (H). 
5. HALL AND Snow THEOREMS 
Let 7~ be a set of primes. For each positive integer n we let n, be the largest 
n-number that divides n. We say that a subloop K of H is a Hall r-subloop 
of H if 1 K 1 = 1 H lm . If r contains only one prime p, we also call a Hall 
P-subloop a Sylow p-subloop. Recall that by Theorem 1 a subloop K of H 
is a r-subloop of H if and only if I K 1 is a r-number. 
THEOREM Il. Suppose H is a solvable loop. Let r be a set of primes. Then 
every Hall r-subloop of H(i) is a Hall rr-subloop of H. 
Proof. We use induction on I H 1 . The result is trivial if H = 1. Assume 
IHI>l. 
Let K be a Hall r-subloop of H(i). Then 1 K / = ) H I,, . We must show 
that K is a subloop of H. Since H is finite, it is sufficient to show that K is 
closed with respect to multiplication. 
Let M be a minimal normal subloop of H. By Theorem 7, M is an element- 
ary p-group for some prime p, and (M, M, H) = 1. It is easy to see that 
KM/M is a Hall rr-subloop of (H/M) (+). Hence by induction hypothesis 
KM is a subloop of H. Since K is a Hall rr-subloop of KM(Q), we may 
assume that KM = H. If p E r, then H = K. Hence we may assume p $7. 
By Theorem 10, M C Nut (H). 
Now let x and y be arbitrary elements of K and let L = (x, y, M). Since 
K contains exactly one element from each coset of M in H, 
jKnLI=jL/MI=ILI,. By induction hypothesis xy E K n L C K, 
except possibly if L = H. Let us assume L = H. By Lemma 9, H is a group 
because (x, y) is associative and M C Nut (H). By Theorem 1.6(iii), K 
generates a n-subgroup K,, of H. Since ( H IV = / K 1 < I K,, I < I H I+, , 
K = K, . So xy E K. Since x and y are arbitrary, K is a Hall n-subloop of H. 
THEOREM 12. Suppose H is a solvable loop. Let r be a set of primes. Then: 
(a) H contains a Hall rr-subloop. 
(b) The Hall n-subloops of H are transitively-permuted by Ptr n IH . 
Every prime which dierides the number of Hall rr-subloops qf H also divides I H I 
and lies outside V. 
(c) Every rr-subloop of H is contained in a Hall VT-subloop of H. 
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Proof, By Theorem 3, H(4) is a solvable loop. Hence by Theorem 1.8, 
H(i) satisfies (a) and (c), and the Hall n-subloops of H(i) are permuted 
transitively by the group TH as defined on page 382 of I. It is not difficult 
to verify that the group TH coincides with PH n In. Hence all parts of this 
theorem follow from Theorem 11. 
LEMMA 12. Let J be a subloop of H(4). Suppose J contains a (Moufang) 
subloop K of H such that: 
(a) with respect o 0, K is a normal subloop of J; 
(b) with respect o o, J is generated by K and some element z of J; and 
(c) each element of IK maps J onto itself. 
Then J is a subloop of H. 
Proof. Letn=j JI/)KI.Supposex~Kandl<i<n.Thenxoz”~ J. 
Let u = xl/s. Since T(u) E IK , J contains 
[x o zi] T(u) = [uziu] T(u) = u-‘(uziu) u = ziup = zix. 
Thus J contains the set J1 = {xix : 1 < i < n, x E K}. 
Now suppose x, y E K, 1 < i,j < n, and 9x = ziy. We may assume 
i < j. Then x = Z-i(zix) = z-~(z’~) = zj-iy, and zPi = xy-l E K. Under 0, 
(a)/((~) n K) E (z, K)/K = J/K. Hence (z)/((z) n K) haa order n. 
Since O<j--i<n-1, i-j. Thus zi=zj and x=y. Thus 1 J1/ = 
n ) K 1 = (I J j/I K [) 1 K I = 1 J I . So J = J1 . Taking inverses, we obtain 
J = (xzi :xEK, 1 <i<n). 
Let a, b E J. There exist x, y E K and integers i, j such that a = zix and 
b = yzj. By [2], VII(3.1), p. 115. 
z-26 0 ab = z-i(&) z-i = (z-ia) (b,+) = x(y,$-i) 
= [(xy) zj-‘1 L(q)-IL(y) L(x). 
By condition (c), z-ai o ub E J. Hence ab = z2i o (,z-~~ o ab) E zai o J = J. 
Thus J is a subloop of H. 
THEOREM 13. Let p be a prime, and let K be a p-subloop of H. Then K 
is contained in some Sylow p-subloop of H. 
Proof. Let I H I9 be the highest power of p which divides 1 H I . By 
Theorems 1 and 2, 1 K 1 is a power of p and I K I divides 1 H I . Hence I K I 
divides ) H I9 . We use induction on 1 H I,// K I . The statement is trivial if 
I H h,/l K j = 1. Hence we may assume I H II) > I K 1 . 
By Theorem 4, K is centrally nilpotent. Hence, by Theorem 3, Mx is 
a p-group. We see from Lemmas 4(d) and 6 that PK is a normal subgroup of 
MK and that (Y fixes both PK and MK . 
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Let L = {g E Mtl : [K] g = K}. Then MK CL. Let R be a Sylow p-sub- 
group of L that contains MK. Suppose g E R and y = [l] g; then y E K. 
By Lemma 6, g-lg” = P(y)-l E PK C R. Hence g” ERR = R. Since g is 
arbitrary, ROI CR, so R = Pa C Iio1. Thus 01 fixes R. By Lemma 6(d), 
jRI=jRnI,IIRnP(H)j=IRnII,IIKI and IMRj=)IHIIHj. 
Since 1 R n IR I divides 1 IE I , and since ) K I properly divides I H ID, 
p divides [MH : R]. Let N be the normalizer of R in MR. By Sylow’s Theo- 
rem, p divides [N : R]. 
Clearly, 01 fixes N. Let K, = {X E H : P(x) EN}. By Lemma 7(a), K and 
K, are subloops of H(i) and K is a normal subloop of K,, . By Lemma 6, 
INI=INnI,IINnP(H)I=INnI,IIK,I. 
Hence 
Suppose p divides [N n IR : R n IH]. Suppose u E N n Ia and a 4 R n ItI 
but UP E R n IR . Now, u normalizes R. By Lemma 4(d), CT normalizes 
R n P(H), which equals P(K). By Lemma 4(c), [Kj u = K. But then (R, u) 
is a p-subgroup of L that properly contains R. This is impossible because R 
is a Sylow p-subgroup of L. Hence p does not divide [N n IH : R n IH]. 
Since p divides [N : R], p must divide I K,/K I . By Corollary 1 of Theorem 
1.9, I&/K contains a cyclic subloop g of order p. Let J be the subloop of K,, 
such that J I K and J/K = g. Let z E J such that x $ K. Let S = (R, P(z)). 
Since P(z) $ R but P(z)* = P(z”) E P(K) C R, I S/R 1 = p. By Lemma 6(d), 
But I S n WW n p(H) I 2 I WP(K) I = I J/K I = P. Hence 
S n P(H) = P(J). By Lemma 4(d), Ix normalizes P(J); by Lemma 4(c), 
IX fixes J. By Lemma 12, J is a subloop of H. Since I H I,/1 J I < I H /,/I K I , 
by induction hypothesis J is contained in some Sylow p-subloop H, of H. 
Since K C J C H, , the proof is complete. 
Taking K = 1 in Theorem 13, we obtain: 
COROLLARY. Let p be a prime. Then H contains at least one Sylow p-subloop. 
6. SOLVABILI~ OF CERTAIN FINITE LOOPS 
As in I, we define a B-loop to be a power-associative loop which satisfies (1) 
and which consists of elements of finite odd order. We use the notation of I 
throughout this section. 
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THEOREM 14. Let K be a Jinite B-loop. Then : 
(a) the canonical group GK has odd order; and 
(b) K is solvable. 
Proof. (a) Let M be the group of permutations of K generated by GK 
and aK . By Theorem 1.2(v), ax normalizes GK , and g-l(uX)-lgaK has odd 
order for all g E GK . Hence IM = ( GK , aK), and g-l(a&l ga, has odd order 
for all g E M. Since [x] an = x-l for all x E K, (aK)2 = 1. Now, by Theorem 1 
of [6], there exists in M a normal subgroup N of odd order such that a& 
lies in the center of m/N. By Theorem 1.2(v) and the definition of GK , 
the elements of the form g-l(u&l gaK for g E GK form a set of generators of 
GK . Hence GK C A? 
(b) By (a) and by Corollary 2 of Theorem 1.6, K is solvable. 
Remark 6. Corollary 2 of Theorem I.6 is the only result in I that depends 
on the Feit-Thompson theorem. Thus Theorem 14(a) and the preceding 
results of this paper do not require the Feit-Thompson theorem. 
COROLLARY 1. Let H be a finite B-loop half-embedded in a group G. Let rr 
be the set of all prime divisors of 1 H 1 . Then H* is a finite solvable rr-subgroup 
of G, and, for each prime p in 7, there exists an element of order p in H. In 
particular, H* has odd order. 
Proof. By Theorem I.l(iv), H* is finite. Moreover, by Theorem 14 and 
Theorem 1.6(ii), H* is solvable. By Proposition 1.1, 1 H ) is odd. Therefore, 
v contains only odd primes. The remainder of the corollary follows from 
Theorem 1.6(iii) and Corollary 2 of Theorem 1.9. 
COROLLARY 2. Let H be a finite B-loop. There exists a @site group G of 
odd order and an automorphism 01 of G such that : 
(a) His half-embedded in G; 
(b) H generates G; and 
(c) H is the set of all elements of the form g-‘e for g E G. 
Proof. By Theorem I.2 and Theorem 14, we may take G to be isomorphic 
to GH. 
THEOREM 15. Let H be a Jinite non-empty subset of a group. Suppose that 
(a) every element of H has finite odd order; and 
(b) whenever x, y E H, then qx E H. 
Let rr be the set of all prime divisors of 1 H 1 . Then H generates a$nite solvable 
ON LOOPS OF ODD ORDER II 413 
TT-subgroup of G, and, for each prime p in TT, there exists an element of order p 
in H. In particular, H generates a subgroup of G that has odd order. 
Proof. By Corollary 1 of Theorem 14, we need only show that H forms 
a B-loop that is half-embedded in G. By Lemma 1.3, this is true if xi/a E H 
for every x E H. Suppose x E H and x has order 2n - 1. If n is even, let 
m = 3n - 1. If n is odd, let m = n. Then m is odd and xm = xn = xl/a. Now, 
x1 = x E H. Also, whenever xi E H then xi+2 = xxix E H. Thus xi E H for 
every odd integer i. Hence x112 E H. 
Remark 7. The proof of Theorem 15 actually shows that the assumption 
that x112 E H for every x E H is superfluous in Lemma 1.3. It is possible to 
prove Theorem 15 by using only group-theoretical means. 
THEOREM 16. Every finite Moufang loop of odd order is solvable. 
Proof. Assume His an arbitrary finite simple Moufang loop of odd order. 
It is sufficient to prove that H is an Abelian group. By Theorem 14(b), H(g) 
is solvable. Let N be the commutator-associator subloop of H(h) ([2];p. 13). 
Then N is a proper subloop of H(Q) that is fixed by every automorphism of 
H(g). By Lemma 4(a), every inner mapping of H fixes N. By Lemma 7(b), 
N is a subloop, and therefore a normal subloop, of H. Since H is simple, 
N = I., Thus H(i) is an Abelian group. Let p be a prime divisor of 1 H 1 , 
and let N, be the subgroup of H(g) that consists of the elements x E H that 
satisfy XP = 1. Then N, , like N, is fixed by every automorphism of H(b) 
and is therefore a normal subloop of H. Since ND f 1, N, = H. By Theo- 
1 and 4, Z(H) # 1. Hence Z(H) = H; i.e., H is an Abelian group. 
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